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ABSTRACT
Study of one dimensional unsteady heat transfer in a rectangular slab with a finite length along x-direction and
unit thickness along y-direction consists of development of Heisler’s chart. Temperature of the slab increases
due to convection heat transfer at the boundary and internal heat generation. The 1-D heat conduction equation
is solved by the method of separation of variables by assuming initial fixed uniform temperature and
axisymmetric boundary conditions. The eigen value of the equation is determined from the non-linear equation
which is solved by the method of bisection. Heisler’s chart is redeveloped for centerline temperature profile and
temperature distribution at different x/L values for various Fourier numbers and Biot numbers without
considering the internal heat generation. The values obtained from new chart are compared and found to be
matched very well with the existing Heisler’s chart. 1-D heat conduction equation is again solved by
considering internal heat generation which will give a non-homogeneous equation. The non-homogeneous
equation is solved by non-Fourier law. The results are plotted in the form of graphs by taking two values of
internal heat generation i.e. 4.80 kw/m® and 120 kw/m>. All the prepared charts are compared with existing
Heisler’s chart.
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I. INTRODUCTION

Heisler’s chart is a graphical tool used in conduction heat transfer problems to calculate the transient
heat transfer. Instead of solving the problem numerically or analytically, the graphical tool helps to find the
solution for the transient problem. This chart was first drawn by M P Heisler[1], by solving the 1-D heat
transient conduction equation for symmetrical solid bodies like slab, cylinder and sphere. Later on this problem
was solved by Grober[2]. These charts represent the temperature variation along the centre and various positions
in the slab with variation of Biot number (h%) and Fourier number (at L2 )

In the present analysis, considering a plane wall of thickness ‘2L’, initial temperature ‘Ti’ which is
assumed uniform though out the slab and the ambient temperature is T,,. Heat transfer takes place between wall
and ambient whose heat transfer coefficient is k. The plane wall is symmetrical about its centre line (X = Q)

and radiation effect is assumed neglected. Since the slab is symmetric, assuming a half slab, the temperature
variation along the slab will be illustrated by method of separation of variables. Initially the temperature of the
slab is greater than the atmosphere.

1. MATHEMATICAL FORMULATION
The following assumptions are made for the analysis:
1. Material is homogeneous and isotropic.
2. The slab is axisymmetric.
3. Thermal conductivity of the material does not vary with temperature.
4. Convective heat transfer coefficient is equal on both sides of the slab.
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21 1-D TRANSIENT HEAT CONDUCTION EQUATION (WITHOUT INTERNAL HEAT
GENERATION):

initially T=Ti

Figurel: Heat transfer on 1-D symmetrical slab.

One dimensional transient heat conduction equation for the slab (shown in Fig.1) is:

2
0 T()Z(’t) = 1aT(xY for0<x<1&t>0..(1) Initial condition
OX a o
AtX=0,T(Xt) =T, s e e 2(a)
Boundary conditions are:
Atx =0, aTéX’t) O 20) Atx =Lk ZTEY ) =T.).....2(0)
X X

Letd(x,t) =T(x,t)-T,,6, =T(x,0)-T, =T, -T, =06,
T = temperature (°C), T.,= ambient temperature (°C).

0’0 _0°T(xt) 860 3aT(x1t)

ot X a

So, the Eq.(1) can be written as:

0°0(x,t) 1 00(x,t)

for0<x<1&t>0..(3

ox? a
And the boundary conditions are:
At x=020%Y g a(a) Atx=L-k 225D _poi ) 4(b)
OX OX
Let O(X,t) =@(X)7(t)..ocevieniiiiieeneeD)
Where ¢(X) a function depends exclusively on x and y(t) is a function depends exclusively on t. Then
o00(X, t)
5 ey 6)
00(x,t ,
96(x.1) _ L €472 0) FUTTRRRRURRURNN (4
OX
o20(x,t )
% S €923 I (8)

So, from equation (6), (7) and (8); Eq.(3) can be rewritten as:
Lo _170) _

p(x) a y()
decaying condition. The solution of equation (9) is:

........................... ( 9) Where ) is a constant. Assuming negative sign for
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') _ 22 s (%) + 2p(x) = 0

o(X)

= @(X) = AcoS(1.X) + BSIN(A.X)............. L0) Again —77()) &

= y(t) :Cle_’lzatl.l) Where A, B and C, are integration constants. From

equation (10) and (11), the final form of Eq.(5) is written as:
(x,t) =[Acos(Ax) + BSin(/lX)]Cle’Az”‘t ..... (2) Applying boundary condition Eq.4(a)
— C,e**A(—Asin(0) + Bcos(0)) =0

=B=0
Applying boundary condition equation 4(b)

—kC,e ¥ A[-Asin(A.L) + Bcos(A.L)] =

h[Acos(A.L) + Bsin(A.L)]C,e **
— (AL tan(AL) = hkL _B,

= ptanf=Bi....cccwrivriiimiiiiiimnn..(L3) Where £ = AL and B; is the Biot number. Equation (13)

is nonlinear in nature which is solved by bisection method and root of the equation produces eigen value for
equation (12).

Again 6(x,7) = ACOs(X)C,e " **

Applying the initial condition Eq.(4)

6, = A COS(AX).eirrirs i v o, .(14) Where AC, = A;. Multiplying cos(Ax) on both sides of
Eq.(14) and integrating

T@i cos(x)dx = JL. A, cos’ (Ax)dx

0;sin(AL) L sin(24x)
=T SAGrT )
:Al(Z.L./1+sm(2L/1))

42
= 40, sin(AL) = A (2LA +sin(2LA)

= 46, sin(B) = A (2B +sin(23))

A = SOSNE (15)s0. O(x,t) = —OSNB_(ien 6 3

2 +sin2p43 2 +sin2p43
For ‘n’ number of ‘A’ values

L 4sing of
o(x,t) =6, Z cos(4, X)
520 +sin2 ,B '
= O(x,t) =6 Z 4sin ‘ﬂzfcos(ﬂ) Where 7 ==
320 +sin2p L L
Z 4S'nﬂ A cos(ﬂ) ....... (16)
o = 2f+sin2p L This equation represents the temperature distribution in

the slab at different time steps and at different positions without internal heat generation.
2.2 1-D TRANSIENT HEAT CONDUCTION EQUATION WITH INTERNAL HEAT GENERATION

One dimensional transient heat conduction equation with internal heat generation ‘g’:
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T (X, t) tg= 8T
ox® P ot
T (x,1) L9 aT (x,1)
ox* pC, ot
From Eq.(17)
2
@200 9 00 1)
x> pC, ot
Let O(x,t) =7(X) + d(X,1)cevivierneenn. 9)
[0 r(x) o ¢(X t)] g
Ox? ,oCp
or(x) _ ag(x.)
ot ot
Separating the two variables in differential equation form, it can be written as:
2
aZ70) 8 g 20)
OX <,
2
o TIKY) 0P 1)
OX ot

kD g = o S (17)

Applying the boundary condition (Eq.4(a) and (b)) on

Eq.(20), it can be written as:

x=0 29 _9
OX

= 1700+ 9(x9] =0
X

) e 22(a)

OX
At x=1L, k%_he
OX

= ka[7(X) +4(x.0)]

= hly(x) + ¢(x,1)]

87(X) = hy(X)... 221 (o) |
OX

For solution of Eq.(20)
2
e 7(2X) 9 _
ox*  pC,
2
o _ -9 _-9
x*  aC, k

Integrating Eq.(23)

o) _ [Z30%+ o (29)
Applying boundary condition Eq.(22(a)) in Eq.(24)
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O o (25)
Then Eq.(23) becomes
or(x) _ -9
OX k €0

Applying boundary condition Eq.(22(b)) in Eq.(26)

k
= 7(L) ngL(Z7)
Integrating Eq.(24)

Using Eq.(25), (27) in Eq.(28)

LZ
=7()=——+C,
L —gL?
gT: ng G
2
c, =9 9 oSy (29)
> h 2 h 2k
Putting the values of C; and C, in Eq.(28);
(X)_g[h(2+5)_ﬁ] (30)
4 =50 i (e

Solution of Eq.(21) is equivalent to Eq.(11).
g L x?
H(X,t) = E[F(2+ Bi)——k ]+

- Asing g P
e‘gzmsinzﬂ COS(L)

So the final solution is

0

— 2+B,)——]+

5 =20 [h (2+B) ]
iﬂe*ﬂ 4 COS('BX) ............... @1) Ea.(31) represents the solution of1-D heat conduction
= 2 +sin2p L

equation along the length of a slab with internal heat generation.
T(x,t)-T, TXt)-T,6 T,-T,
= X

o(x,t) = =
T,-T, T,-T, T,-T,
_T(xD-T, <0,
T,-T,
T(x,t)-T T,-T
:E:M .................................. (32) Where 6, = ———= = Temperature of the slab at
‘90 To _Too Ti _Too

X =0. To plot the graph for temperature distribution (i.e. 6/6, Vs Fourier no(t)) at different ‘x/L’ values
Eq.(31) is used.

I11. RESULT AND DISCUSSION
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The Heisler’s[1] chart consists of temperature at the central region of slab with variation of time which
is expressed by a non-dimensional Fourier number (7 = 0{%_2 ). In the present construction of the first chart
(Fig.1), the Fourier number is taken along x-axis and the temperature ratio% is taken along y-axis for

i

centerline temperature profile at different}l/3 values which are computed using Eq.(16). For second chart
i

(Fig.2), }I/B is taken along x-axis and %0 is taken along y-axis for temperature distribution at different x/L
I

values. Comparison is made between present computed values (using Eq.(16)) and existing Heisler’s[1] chart

values at some of the Fourier numbers and }{3 values which are presented in Table.1 and Table.2 respectively.
i
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Figure-1 Shows the developed chart using Eq.(16).
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Figure-2 Shows temperature distribution for different x/L values at T =3.39 using Eq.(16).
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Figure-3 Shows temperature distribution fort different x/L values at T = 8.475 using Eq.(16).
From Table.1 and 2, it is observed that the computed values match very well with the existing Heisler’s[1] chart
values. In the present chart (Fig.1) the Fourier number is extended up to 700 and the 1/B; is taken up to 101 for
centerline temperature profile. In the results in figure 1, the y-axis is taken as semi-log scale and the x-axis is the
normal coordinate axis. The temperature distribution for different x/L values with variation of 1/B; from 0.9166
to 20.37 is shown in figure 2. In this chart both the axes are in linear scale.
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Figure-4 Shows centerline temperature distribution with internal heat generation (g=4.8 kw/m?)
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Figure-5 Shows centerline temperature distribution with internal heat generation (g=120 kw/m?)
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Figure-6 Shows temperature profile for different x/L values with internal heat generation (g = 4.8 kw/m®) at t =

3.39
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Figure-7 shows temperature profile for different x/L values with internal heat generation (g = 4.8 kw/m®) at t =
8.475
Next a new chart (Fig.4 & 5) is developed considering internal heat generation (g kw/m?®) for same construction

of centerline temperature along y-axis at different Fourier numbers along x-axis for different constant }/Bi

values using Eq.(31). Similarly, figure 6 and 7 represent the non-dimensional temperature % values along y-
0

axis and }I/S i values along x-axis for various constant x/L values which are computed using Eq.(31). Table.3 and

4 presents the comparison between the existing Heisler’s[1] chart value and respective computed values in both
cases (with and without internal heat generation). In figure 2 & 6 and 3 & 7 the Fourier number are fixed at 3.39
and 8.475 respectively.

Table:1 Comparison between Heisler’s[1] chart value and computed present chart value.

Fourier 0/6; (Hei- 0/0; (Pre-

L 1/Bi No (1) sler[1]) sent)
0.01 91.667 508.5 0.004 0.004
0.012 76.388 470.8 0.002 0.002
0.015 61.111 300 0.008 0.008
0.018 50.925 314 0.002 0.002
0.030 30.555 2.260 0.960 0.962
0.045 20.370 1.004 0.979 0.980
0.050 18.333 108.48 0.003 0.003
0.065 14.102 80.230 0.005 0.005
0.100 1.166 2.034 0.779 0.780
0.300 3.055 0.904 0.820 0.820
0.400 2.291 1.141 0.680 0.681
0.500 1.833 10.848 0.007 0.007
0.900 1.018 4.018 0.060 0.060
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Table-2 comparison between values obtained from existing chart and values obtained from computed charts at t
=3.39 and t = 8.475.

0/60 0/60 0/0o
x/L 1/Bi Heisler (Present, © | (Present, <
[1]chart | =3.39) = 8.475)
1 2.291 0.8200 0.8160 0.8162
1 4.583 0.8600 0.8501 0.8501
1 11.458 0.9700 0.9579 0.9579
0.875 2.291 0.8600 0.8581 0.8581
0.875 3.055 0.8610 0.8498 0.8498
0.875 11.458 0.9700 0.9677 0.9677
0.75 2.291 0.9100 0.8950 0.8950
0.75 3.055 0.9210 0.9183 0.9183
0.75 20.370 0.9870 0.9860 0.9860
0.625 2.291 0.9300 0.9267 0.9267
0.625 3.055 0.9400 0.9430 0.9430
0.625 20.370 0.9900 0.9905 0.9905

From figure 4 and 5, considering the effect of internal heat generation on temperature profile, it is
observed that the values obtained for temperature profile are more than the values obtained without internal heat
generation at a particular instant of time. It shows the effect of internal heat generation on the change in
temperature with respect to time and positions. When internal heat generation is small i.e. g=4.80 kw/m*® the
difference in temperature is slightly greater than the temperature without internal heat generation case. But when
the ‘g’ value is more i.e. 120 kw/m?® the difference is appreciable. Also it can be seen that the values with
internal heat generation, the temperature decreases with increase in time upto a certain period of time but after
that time period is over, the temperature becomes constant which clearly shows the effect of internal heat
generation. This time period decreases with increase of internal heat generation as shown in figure 5.

Table-3 Comparison of computed values obtained Eq.(16) with Eq.(31) at two different internal heat generation
(g = 4.8 kw/m®) and (g = 120 kw/m°).

L 1/Bi (0) 0/6; 0/0; 0/6i (9=4.8 | 0/6;(
(Heisler[1]) (present) kwy/ ® g=120 kw/m®
0.030 | 3058 | 4 0.86 0.863 0.8710 0.932
0.030 | 30.58 | 10 0.71 0.710 0.7200 0.850
0.030 | 30.58 | 20 0.51 0.510 0.5200 0.580
0.030 | 30.58 | 40 0.28 0.280 0.2900 0.480
(const)
0.030 | 30.58 | 80 0.07 0.070 0.0800 0.480
0.045 | 2040 | 4 0.83 0.832 0.8350 0.900
0.045 | 2040 | 10 0.62 0.620 0.6250 0.700
0.045 | 20.40 | 20 0.38 0.380 0.3880 0.480
0.045 20.40 | 40 0.14 0.142 0.1500 0.230
0.045 | 20.40 | 60 0.04 0.040 0.0500 0.160
(const)
0.080 | 11.45 | 10 0.44 0.440 0.4500 0.580
0.080 | 11.45 | 20 0.18 0.180 0.2000 0.350
0.080 | 11.45 | 40 0.03 0.030 0.0350 0.200
0.080 | 11.45 | 60 0.007 0.007 0.0085 0.180
(const)

Table-4 Comparison between values obtained from Heisler’s[1] chart and computed charts at t = 3.39 and t =
8.475 with g = 4.8 kw/m®.

0/60 0/8, (Prese nt | 6/6, (Prese nt
(Heisler’s [1] with g=4.8 | withg=4.8
x/L 1/Bi chart) kw /m®chart) | kw/m®chart)
(t =3.39) (v = 8.475)
1 2.291 0.820 0.8166 0.8165
1 4.583 0.860 0.8500 0.8668
1 11.458 0.970 0.9579 0.9579
0.875 2.291 0.860 0.8587 0.8581
0.875 3.055 0.861 0.8595 0.8593
0.875 11.458 0.970 0.9677 0.9677
0.750 2.291 0.920 0.8956 0.8950
0.750 3.055 0.921 0.9184 0.9183
0.750 20.370 0.980 0.9701 0.9764
0.625 2.291 0.930 0.9271 0.9267
0.625 3.055 0.940 0.9431 0.9430
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[ 0625 [20370 [ 0.990 | 0.9905 | 0.9905 |

IVV. CONCLUSION
The analytical solution for the transient temperature distribution in the symmetric slab has been
presented in the form of chart. Charts are presented considering without and with internal heat generation (g=4.8
kw/m?®and 120 kw/m?). These charts have the flexibility to compute the values at various Fourier numbers and
Biot numbers. Temperature profiles obtained considering with internal heat generation are slightly higher than
the without internal heat generation and this also changes with changing values of internal heat generation.
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