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--------------------------------------------------------ABSTRACT----------------------------------------------------------- 

An analytical computation of the problem of nonlinear magneto-hydrodynamic flow with heat transfer 

characteristics is considered for an incompressible viscous, electrically conducting fluid past a vertical plate 

with transverse magnetic field applied normal to the surface. The dimensionless transient nonlinear governing 

boundary layer flow equations which are coupled partial differential equations are obtained. These are 

transformed to ordinary differential equations and solved using the Laplace transform method. The effect of the 

resulting parameters are analysed and compared with existing results in literature.  
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I. INTRODUCTION 

Transient hydro-magnetic boundary layer, free convective flow and heat transfer of electrically conducting 

fluids are applicable in a variety of engineering processes such as the design of cooling systems for electronic 

devices, in the field of solar energy collection, heat exchangers, cooling of metallic plates and MHD marine 

propulsion. Convective flow which is as a result of density differences created within the fluid, are significant in 

electronic equipment, flow meters and space craft systems. Earlier studies in this area have been carried out by 

many researchers such as [1], [2], [3] and [4] who considered the unsteady free convection near a moving 

infinite flat plate by imposing a time dependent perturbation on the plate temperature.[5] examined the hydro-

magnetic Ekman layer on convective hat generating fluid with radiative heat transfer in a rotating fluid. [6] 

examined the similarity solution of natural convection with internal heat generation, which decays 

exponentially. The unsteady free convection flow past and infinite plate with constant suction and mass transfer 

was investigated by [7] numerically. Finite difference analysis of unsteady hydro-magnetic free convection flow 

with constant heat flux was investigated by [8].  

Later, [9] considered a similarity solution for hydro-magnetic simultaneous heat and mass transfer by natural 

convection from an inclined plate with heat generation or absorption while [10] investigated the hydro-magnetic 

unsteady free convection flow past an impulsively started vertical plate.  

Recently [11] examined the flow of an unsteady viscous incompressible electrically conducting fluid along a 

porous vertical isothermal non-conducting plate with variable suction and exponentially decaying heat 

generation in the presence of transverse magnetic field numerically. The perturbation analysis of unsteady 

magneto-hydrodynamic convective heat and mass transfer past a vertical permeable plate was investigated by 

[12]. Also, [13] considered the effect of unsteady free convective MHD flow through a porous medium bounded 

by an infinite porous plate. Numerical analysis was carried out by [14] on the effect of Navier Slip and 

Newtonian heating on an unsteady hydro-magnetic flow and heat transfer towards a flat plate in the presence of 

magnetic field. Also [15] numerically examined the transient laminar MHD free convective flow with non-

uniform heat flux. [16] considered the radiation and mass transfer effects on unsteady MHD free convective 

fluid in a porous medium with heat generation or absorption. 

Most recently[17] examined the effect of internal heat generation, thermal radiation and buoyancy force on 

boundary layer over a vertical plate with a convective boundary condition. Also[18] investigated the effect of 

radiation and chemical reaction on magneto-hydrodynamic fluid over an infinite vertical surface using the 

Laplace transform method. Also [19] applied the Keller box method to analyse the problem of unsteady hydro-

magnetic chemically reacting mixed convection flow over a permeable stretching surface with slip and thermal 

radiation. 

Therefore, the objective of this paper is to consider the effect of heat generation as well as magnetic field on the 

unsteady laminar, hydro-magnetic flow with heat transfer along a semi-infinite flat plate. The resulting 

dimensionless governing equations are solved using Laplace transform method. 
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II. MATHEMATICAL ANALYSIS 
Heat transfer effects on unsteady free convective hydro-magnetic flow of a viscous incompressible fluid past 

along a semi-infinite vertical plate with heat source in the presence of transverse applied magnetic field has been 

considered. The 𝑥 -axis is measured along the plate, a magnetic field of uniform strength 𝐵0 is applied in the 𝑦  
direction normal to the flow direction. For possible heat generation effects, a heat source is placed within the 

flow. Initially at 𝑡 ≤ 0it is assumed that the plate and the fluid are at the same temperature𝑇 ∞  at the stationary 

condition. The temperature of the plate is held uniform at𝑇 𝑤 > 𝑇 ∞ . Since the magnetic Reynolds number of the 

flow is taken to be very small, the induced magnetic field and viscous dissipation is assumed negligible. The 

effect of pressure gradient is also assume negligible. By the usual Boussinesq’s approximation, the unsteady 

flow is governed by the momentum and energy equations respectively.  
∂𝑢 

∂𝑡 
   =    𝑣

∂2𝑢 

∂𝑦 2 + 𝑔β  𝑇 − 𝑇 ∞  −    
σ𝐵0

2𝑢 

ρ
 (1) 

ρ𝐶𝑝
∂𝑇 

∂𝑡
   =    

𝑘 ∂2𝑇 

∂𝑦 2    +    𝑄0 𝑇 − 𝑇 ∞  (2) 

The initial and boundary conditions are  

 
𝑡  ≤   0 ∶    𝑢   =   0  ,   𝑇   =   𝑇∞𝑓𝑜𝑟𝑎𝑙𝑙𝑦

𝑡 >   0 ∶   𝑢   =   0  ,   𝑇 =    𝑇𝑤𝑎𝑡𝑦 =  0

𝑎𝑛𝑑𝑢  →  0  , 𝑇 → 𝑇∞𝑎𝑠𝑦 → ∞  

  (3) 

Introducing the following dimensionless variables and parameters in equations (1) and (2) 
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𝑈0𝑦 

υ
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υ
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2   ,   Pr  =   

μ𝐶𝑝

𝑅
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𝑎∗𝐵0
2υ

𝑝𝑈0
2

𝑄  =   
υ𝑄0

ρ𝐶𝑝𝑈0
2  

 
 

 
 

 (4)

 

The dimensionless equations for equation (1) and (2) respectively are 
∂𝑢

∂𝑡
   =    

∂2𝑢

∂𝑦2    −    𝑀2𝑢  +   𝐺𝑟Θ (5) 

∂Θ

∂𝑡
   =    

1

Pr

∂2Θ

∂𝑦2    +    𝑄Θ (6) 

The corresponding dimensionless initial and boundary conditions are 

 
𝑡  ≤   0  ∶    𝑢  =   0  ,   Θ  =   0       𝑓𝑜𝑟𝑎𝑙𝑙𝑦
𝑡 >   0  ∶    𝑢  =   0  ,   Θ  =   1       𝑎𝑡𝑦 =  0
𝑎𝑛𝑑𝑢 → 0  ,   Θ → 0       𝑎𝑠𝑦 → ∞  

  (7) 

Where Gr, M, Pr and Q are the Grashof number, magnetic field parameter, the Prandtl number and the heat 

generation parameter respectively.  

Once the velocity and temperature profiles are obtained, the average skin-friction parameter and the rate of heat 

transfer at steady and unsteady states are determined. These important physical parameters are respectively 

obtained from the following expressions: 

τ𝑤    =   μ  
∂𝑢

∂𝑦
 
𝑦=0

 (8) 

𝑎𝑛𝑑 𝑞𝑤   =    −λ  
∂𝑇

∂𝑦
 
𝑦=0

 (9) 

Hence the non-dimensional average skin-friction parameter   and the average Nusselt number 𝑁 𝑢can be 

written respectively as 10 & 11. 

 

III. SOLUTION PROCEDURE 
The governing partial differential equations (3) and (6) are unsteady, coupled and non-linear with the initial and 

boundary conditions (7). These equations are solved analytically using the Laplace transform method.  

For the steady flow the equations are  
𝑑2𝑢

𝑑𝑦2   +   𝑀𝑢
2   +   𝐺𝑟Θ  =   0 (10) 

𝑑2Θ

𝑑𝑦2   +   Pr𝑄Θ  =   0 (11) 

Subject to the condition  

𝑢 𝑜, t   =   0  ,    Θ 𝑜 , t   =   θ𝑤  (12) 

Yields the solution:  

θ𝑠   =    cos 𝑦 Prα (13) 

and   

𝑈𝑠   =    −
𝐺𝑟

Prα+𝑀2  𝑒
−𝑀𝑦   −    cos 𝑦 Prα  (14) 
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Now for the transient flow the equation of motion are  
∂𝑢

∂𝑡
   =     

∂2𝑢

∂𝑦2    +    𝐺𝑟Θ  −    𝑀2𝑢 (15) 

∂θ

∂𝑡
   =     

∂2Θ

∂𝑦2    +    αΘ (16) 

Subject to the conditions  

 
𝑢(𝑦 , 𝑜)    =    θ(𝑦, 𝑜)   =   0
𝑢(𝑜 , 𝑡)   =   Θ(𝑜, 𝑡)   =   1

𝑢(𝑦 , 𝑡)  →  0  , θ(𝑦 , 𝑡)  → 0    𝑎𝑠𝑦 → ∞  
  (17) 

Transforming equations (15) – (17) using the Laplace transforms we have the ordinary differential equations 
𝑑2𝑢 

𝑑𝑦2    −      𝑀2 + 𝑠 𝑢   =    −𝐺𝑟Θ  (18) 

𝑎𝑛𝑑 
𝑑2Θ 

𝑑𝑦2    − Pr   𝑠 − α Θ   =   0 (19) 

with boundary conditions  

 
𝑢  (𝑜 , 𝑠)   =   0

θ  (𝑜 , 𝑠)   =   
1

𝑠

  (20) 

Equation (18) and (19) are simple linear second order ordinary differential equations which are solved directly 

to obtain the following solutions:  

Θ  𝑦 , s   =  
1

s
𝑒−𝑦 Pr(𝑠−α) (21) 

𝑑 𝑢  𝑦 , 𝑠  =   
−𝐺𝑟

1−Pr
 
𝑒−𝑦

 𝑀2+𝑠    −   𝑒−𝑦 Pr (𝑠−α )

𝑠 𝑠   + 
Pr α+𝑀2

1−Pr
 

  (22) 

Applying the shifting and convolution theorem of inverse Laplace transform and employing the table of 

integrals by [20],equations (21) and (22) respectively are inverted to obtain for temperature: 

Θ 𝑦, 𝑡  =    
1

2
 𝑒−𝑦 −Prα𝑒𝑟𝑓𝑐  

𝑦

2
 

Pr

𝑡
−  −α𝑡 +  𝑒𝑦 −Prα𝑒𝑟𝑓𝑐  

𝑦

2
 

Pr

𝑡
+  −α𝑡)  

 (23) 

 𝑈 =
−𝐺𝑟

2 M2+𝑃𝑟α 
 𝑒−𝑀𝑦𝑒𝑟𝑓𝑐  

𝑦

2 𝑡
−𝑀 𝑡 + 𝑒𝑀𝑦𝑒𝑟𝑓𝑐  

𝑦

2 𝑡
+ 𝑀 𝑡 − 𝑒−𝑦 −𝑃𝑟𝛼 𝑒𝑟𝑓𝑐  

𝑦

2
 

Pr

𝑡
−  −Prα𝑡 −

 
𝑒𝑦−𝑃𝑟𝛼𝑒𝑟𝑓𝑐𝑦2Pr𝑡+−Prα𝑡)−𝑒−𝛽𝑡𝑒−𝑦𝑀2+𝛽𝑒𝑟𝑓𝑐𝑦2𝑡−𝑀2+𝛽𝑡+𝑒𝑦𝑀2+𝛽𝑒𝑟𝑓𝑐𝑦2𝑡+𝑀2+𝛽𝑡−𝑒−𝑦𝑃𝑟𝛽−𝛼𝑒
𝑟𝑓𝑐𝑦2Pr𝑡−β−α𝑃𝑟𝑡+𝑒𝑦𝑃𝑟𝛽−𝛼𝑒𝑟𝑓𝑐𝑦2Pr𝑡+−β−α𝑃𝑟𝑡 (24) 

The Skin friction coefficient due to the stress 𝜏 is given by 

𝜏 = −  𝜕𝑢(𝑦, 𝑡)

𝜕𝑦
 
𝑦=0

 

And the heat transfer coefficient at the plate is  

𝑁𝑢 =  
𝜕𝜃

𝜕𝑦
 
𝑦=0

 

 

IV. RESULTS AND DISCUSSION 
Analytical solutions are carried out using Laplace transforms technique for effects of various values of the 

Prandtl number, Grashof number, magnetic parameter, radiation parameter and both the steady and unsteady 

hydro-magnetic free convective flow with heat generation. The results obtained for the velocity, temperature 

and the coefficient of skin friction are complex and are analysed using the Mathematica. The analysis is shown 

in figures 1 to 6 where the Prandlt number, Pr, is taken as 0.7 

Figure 1(a) and 1(b) depict the variation of the Grashof number, Gr, for steady and transient flow velocity 

respectively. Both cases show increase in the fluid velocity profiles, as Gr increases with the magnetic 

parameter M, fixed at 5.0 and 𝜶=0-2 

The effect of the variation of Pr on the steady flow velocity and temperature respectively are shown in figures 

2(a) and 2(b). As Pr increases, the velocity and temperature show a decrease, with Gr = 5.0 

Figures 3(a) and 3(b) also show that as Pr increases, both the transient velocity and temperature also decrease, 

which is in good agreement with previous works in literature. 
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The effect of the heat generation parameter, 𝛼, on the steady flow velocity and temperature is given in figures 

4(a) and 4(b) respectively and indicate a decrease in velocity and temperature as 𝛼 increases. The reverse is the 

case for the transient flow velocity and temperature, in which the results show increase in both as 𝛼 increases as 

shown in figures 5(a) and 5(b). 

Figures 6(a) and 6(b) the effects of the magnetic parameter, M, on the steady and transient velocity respectively. 

There is a decrease in both as M increases. The heat generation parameter effect on the skin friction and Nusselt 

number is shown in figures 7(a) and 7(b), where an increase in the heat generation parameter gives a decrease in 

skin friction but an increase in the Nusselt number. 
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V. CONCLUSION 
Employing Laplace transform technique, the governing equations are solved analytically, yielding complex 

result. The results presented show the flow characteristic for the velocity, temperature and boundary layer 

effects, and how they are affected by the parameters of the problem. The heat generation parameter is observed 

to cause a decrease in the skin friction but an increase in the Nusselt number as the heat generation parameter 

increases.The transient velocity and temperature are both increasing as the heat generation parameter increases. 
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